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Abstract. Box model simulations of an uplifting and adi-
abatically cooling cloud of aerosol have been performed in
order to study the transition between cirrus formation domi-
nated by homogeneous nucleation of ice to that dominated by
heterogeneous nucleation. The aerosol was assumed to con-
sist of an internal mixture of sulfuric acid solution droplets
with inclusions of soot. The parametrisation of DeMott et al.
(1997) was used to simulate the heterogeneous nucleation of
ice in such droplets with soot inclusions. The simulations
show that the transition from heterogeneous to homogeneous
nucleation occurs over a narrow range of soot concentration.
Thus it seems to be possible to ﬁx critical concentrations of
heterogeneous ice nuclei which must be exceeded if hetero-
geneous freezing dominates cirrus formation. A formula has
been derived that allows to compute the critical concentra-
tions of heterogeneous ice nuclei as a function of temper-
ature, updraft speed, ambient pressure, and supersaturation
at which heterogeneous freezing occurs. Generally, homoge-
neous nucleation dominates in regions with updrafts stronger
than 20 cms−1, with the exception of heavily polluted areas
which could be common in the northern hemisphere due to
air trafﬁc, where updrafts of the order 1ms−1 may be nec-
essary to render heterogeneous nucleation unimportant. Ac-
cording to the present results it cannot be excluded that het-
erogeneous nucleation plays a more important role for cirrus
formation in the northern midlatitudes than anywhere else.
A possible consequence of these results is that air pollution
may lead to a higher coverage of cirrus clouds, but then these
clouds will be optically thinner than clouds formed by homo-
geneous freezing, with the exception of regions where con-
densation trails are frequent.
Correspondence to: K. Gierens (klaus.gierens@dlr.de)
1 Introduction
Cirruscloudsinthecolduppertroposphere(T . −40◦C)are
generally thought to form mainly by homogeneous freezing
of aqueous solution droplets (e.g. Sassen and Dodd, 1988;
Heymsﬁeld and Sabin, 1989; Heymsﬁeld and Miloshevich,
1993). When there is enough background aerosol present,
homogeneous nucleation is a thermodynamically controlled
process, that is, it takes place when a critical supersaturation
(dependent on temperature) is reached in an airmass. It has
been shown in the laboratory by Koop et al. (2000) that the
critical supersaturation is independent of the chemical nature
of the aerosol. Gierens et al. (2000), comparing and corre-
lating data of ice–supersaturation from MOZAIC, Measure-
ment of Ozone from Airbus–in–Service Aircraft (Marenco
et al., 1998), of subvisible cirrus from SAGE II, Strato-
spheric Aerosol and Gas Experiment II (Wang et al., 1996),
and of thermodynamic conditions for cirrus formation from
re–analysis data of the European Centre for Medium Range
WeatherForecast(Sausenetal.,1998), couldshowthatcirrus
formation seems to be thermodynamically controlled in the
tropics and in the southern midlatitudes upper troposphere,
but not in the same way in the northern midlatitudes, where
the thermodynamic control is much weaker. These hemi-
spheric differences may partly reﬂect differences between
statistical distributions of vertical wind speed between trop-
ics, and southern and northern hemisphere (SH and NH).
Even if the mean updraft speeds are similar in both hemi-
spheres, the variances will probably be signiﬁcantly larger
in the NH than in the SH, because of the orographic excita-
tion of vertical motion in the NH. This is supported by the
stronger instantaneous temperature ﬂuctuations (on a spatial
scale of 300 × 300 km2) in the NH compared to the trop-
ics that has been found from MOZAIC data (Gierens et al.,
1997). Obviously, threshold conditions for ice formation
can be met more often in regions of stronger ﬂuctuations of
vertical wind speeds than in calmer regions when the mean
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(large scale) thermodynamic conditions are similar in both
regions. However, the hemispheric differences of thermo-
dynamic control of cirrus formation can also suggest that
the composition of the freezing aerosol has a more impor-
tant effect in the polluted northern hemisphere compared to
the cleaner regions of the world. Since homogeneous nucle-
ation seems not to depend on the aerosol composition one
may conclude that then heterogeneous processes must play a
bigger role for cirrus formation in the northern midlatitudes.
Such heterogeneous effects could be brought about inter alia
byaircraftsootemissions. Indeed, Str¨ omandOhlsson(1998)
found that cirrus ice crystals in a region of heavy air traf-
ﬁc (southern Germany) often contain some kind of “absorb-
ing material” (probably soot), and moreover such inclusions
were most frequent in those altitudes where the air routes are
concentrated (8–12 km).
The notion “heterogeneous nucleation” is a collective term
for various physical mechanisms that may occur in the atmo-
sphere (see Vali, 1985, for a deﬁnition of the terminology).
Deposition nucleation requires the presence of dry solid par-
ticles, whose existence in the upper troposphere has not been
shown so far (DeMott et al., 1997). Contact freezing, requir-
ing the presence of an external mixture of solid and liquid
particles, is probably unimportant for cirrus clouds because
it seems to be suppressed in updrafts and the collection rates
are very small for typical aerosol particle sizes in the upper
troposphere (Young, 1993, chapter 4.5.3). The two remain-
ing mechanisms, condensation and immersion freezing re-
quire an internal mixture of aerosol, that is, solid particles
immersed in a liquid coating.
Although pure graphitic soot is hydrophobic, soot parti-
cles from other sources, in particular from combustion, may
act as heterogeneous ice nuclei, probably because of various
contaminations on their surface. This has ﬁrst been shown by
DeMott (1990) in the laboratory for temperatures between
−25◦C and −40◦C. More recent laboratory experiments of
DeMott et al. (1999) explored a lower temperature regime
that is more representative for the upper troposphere. It could
be shown that below −53◦C soot particles with a substan-
tial amount of sulfuric acid solution on their surface (several
monolayers) induce ice formation at supersaturations below
the critical supersaturations necessary for homogeneous nu-
cleation. Such an aerosol may be generated by aviation since
jet engines emit about 1015 soot particles and about 1015 to
4 × 1017 volatile aerosol particles larger than about 5 nm
in diameter per kg kerosene burnt, in particular sulfuric acid
solution droplets (Fahey and Schumann, 1999; Schumann,
2002, and references therein). It is thus conceivable that air-
craft emissions can lead to soot particles that are immersed
in a coating of sulfuric acid solution. However, it must be
said that an understanding of the very physical process that
induces the freezing at or around the soot particles is still
lacking. For instance, soot from various sources (combus-
tion soot, Degussa soot, sparc generator soot, etc.) behave
differently in freezing experiments, yet the exact reasons for
these differences are unknown. One must also admit that it
is not possible or justiﬁed at the current state of knowledge
to deﬁne a critical supersaturation at which heterogeneous
freezing of soot would commence.
Thus, heterogeneous nucleation is still a closed book in
many respects, but it may have important effects on cirrus
clouds. Jensen and Toon (1997) performed numerical simu-
lations of cirrus formation in slow updrafts and showed that
the presence of soot can not only enlarge the fractional cover
of cirrus clouds, but it can also alter the properties of the
cirrus rather dramatically compared to a case when only sul-
fate aerosol was assumed to be present. Kristensson et al.
(2000) measured reductions of effective crystal diameters by
10–30% in cirrus perturbed by aviation (as indicated by the
“absorbing material” in the crystals, see Str¨ om and Ohlsson,
1998).
Although experimental evidence is lacking that aviation
and other anthropogenic aerosol indeed affects cirrus forma-
tion and cirrus cloud cover, the weak thermodynamic control
of cirrus formation in the northern midlatitudes gives reason
to study such potential effects both experimentally and by
modelling. Since heterogeneous and homogeneous freezing
can act simultaneously in the atmosphere it is useful to de-
rivecriteriawhichtellonewhichofthetwofreezingmodesis
dominant in a given situation. This will of course depend on
the concentration of heterogeneous ice nuclei, that is on the
number of aerosol particles that heterogeneously induce ice
crystal formation at a supersaturation below the critical su-
persaturation for homogeneous nucleation. I will show that
it is possible to determine a critical concentration of such ice
nuclei, below of which homogeneous nucleation dominates,
while heterogeneous nucleation takes over the dominant role
at higher ice nucleus concentrations. The study has been per-
fomed by means of simple box model simulations where sul-
furic acid solution droplets with inclusions of soot served as
heterogeneous ice nuclei. Additionally, I will derive a simple
analytical formula for the calculation of the critical concen-
tration of heterogeneous ice nuclei as a function of supersat-
uration necessary for heterogeneous freezing, temperature,
updraft speed, and pressure. This formula can be used in
large scale models for the control of a switch between the
two nucleation modes.
2 The box model
A simple box model with bulk microphysics was employed
for this study which simulates the evolution of an aerosol
cloud in uplifting and cooling air. Prognostic variables are
aerosol and ice crystal number densities, ice mass and vapour
mass concentration, and temperature. The updraft yields an
adiabatic cooling of 9.77 × 10−5 Ks−1 per 1cms−1 of up-
draft velocity. The aerosol is an internal mixture of aqueous
solutiondropletsofsulfuricacidwithorwithoutinsolublein-
clusions of soot. A log–normal size distribution is assumed
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for the “dry” aerosol (that is, the pure sulfuric acid) with a
geometrical mode radius of 10nm and geometrical standard
deviation σa of 1.48. The fraction of aerosol droplets bear-
ing an inclusion, SNF (i.e. soot number fraction), the soot
mass fraction (relative to the mass of the sulfuric acid in the
droplet) of a soot including aerosol particle, SMF, and the
number concentration of aerosol particles, Na, are free pa-
rameters. The soot mass fraction can be translated into a soot
surface, assuming a speciﬁc soot surface (i.e. surface per unit
mass) of m = 7.5 × 105 cm2 g−1 (K¨ archer etal., 1996). 1
Assuming a direct proportionality between mass (i.e. vol-
ume) and surface of aircraft (kerosene) soot is an expression
for the fractal nature of this kind of soot.
With the given parameters, SNF, SMF, and Na, and as-
suming the log–normal size distribution of the “dry” aerosol,
the soot concentration (i.e. mass of soot per unit volume of
air) is given by
Csoot = Na · SNF · SMF · (4π/3)ρaM3, (1)
where ρa is the density of pure sulfuric acid, and
M3 = r3
a exp[(9/2)(lnσa)2] (2)
is the third moment of the aerosol size distribution. Alterna-
tively, the soot concentration can be translated into the total
soot surface density V (soot surface per unit volume of air),
i.e.
V = m Csoot. (3)
The density of sulfuric acid depends slightly on temperature,
it varies from ρa = 2.09gcm−3 at −35◦C to 2.22gcm−3 at
−70◦C. All other quantities in the formulae for Csoot and
V are independent of temperature.
As stated above, it is unknown how the ice formation
process on the surfaces of soot particles works. There-
fore, I make the same working hypothesis as DeMott etal.
(1997), who extrapolated the laboratory results for tempera-
tures higher than −40◦C to lower temperatures and replaced
the temperature of pure water droplets by an effective freez-
ing temperature Teff of aqueous solution droplets. Although
I do not know whether the soot in the atmosphere actually be-
haves as this working hypothesis assumes, I think that such a
procedure is justiﬁed as long as the study aims at how the
transition between homogeneous and heterogeneous paths
looks like. It is not the aim of these simulations to deter-
minetheexactcriticalsootconcentrationwherethetransition
takes place. Such a determination must await better knowl-
edge of the physical processes that occur on the soot surface.
The parameterisation of DeMott etal. (1997) uses a num-
ber of active sites for formation of an ice embryo per unit
surface of soot. This is a very strong function of the effective
freezing temperature, namely:
surface number density of active sites = A(−Teff)B, (4)
1More recent values of m are higher, up to 4 × 106 cm2 g−1.
with A = 1.04 × 10−4 cm−2 and B = 7.767.
While cooling, the aerosol may freeze heterogeneously
due to their soot inclusions or homogeneously. Aerosol
droplets without inclusions can only freeze by homogeneous
nucleation while those with inclusions can freeze via both
mechanisms (which means that the sulfuric acid solution in
such a droplet can ignore the presence of the inclusion). For
the droplets with inclusions the model chooses the freezing
pathway with the higher nucleation rate in each timestep.
Homogeneous freezing is parameterised in the box model
following Koop etal. (2000). The integration over the size
distribution is performed via a numerical Gauß–Hermite in-
tegration as described by Gierens and Str¨ om (1998). This
gives for each timestep the fraction of aerosol particles that
freeze. The freshly formed ice crystals begin to grow by
vapour deposition, thereby reducing the supersaturation. The
depositional crystal growth is parameterised as in Koenig
(1971), i.e. dm/dt = amb, with crystal mass m, and tem-
perature dependent parameters a,b, which are listed for tem-
peratures below −40◦C by Gierens (1996).
All simulations run from an initial temperature T =
−53◦C or lower. This temperature was a threshold in labora-
tory experiments of DeMott etal. (1999), below which soot
particles enclosed in thick coatings of sulfuric acid solution
got effective as heterogeneous ice nuclei at supersaturation
below that necessary for homogeneous nucleation. The ini-
tial relative humidity was 70% with respect to liquid water
(RH), or 116% with respect to ice (RHi) at T = −53◦C
and 50% (RHi = 96%) at T = −73◦C.
3 Results and discussion
Figure1 shows a typical outcome of a boxmodel simulation
with the internally mixed aerosol. The temperature–axis can
be read as a reversed time–axis, with time progressing to the
left. Displayed is the number concentration of ice crystals
that form in the cooling aerosol cloud. The curves of Fig.1
are computed for an updraft velocity of 10cms−1, a num-
ber concentration of aerosol particles of 3 × 108 m−3, and
a soot mass fraction SMF = 0.1. The soot number frac-
tion (SNF) is used as a curve parameter. The curve with
SNF = 0.1 shows the form typical for heterogeneous nu-
cleation only. Nucleation starts at about −54.5◦C and pro-
ceeds on down to about −55.5◦C where the growth of the ice
crystals has consumed enough water vapour to quench the
nucleation. Simulations with higher SNF generally yield a
similar behaviour (not shown), although they result in higher
ﬁnal ice crystal concentrations. The curve with SNF = 0.03
already shows strong signs of homogeneous nucleation at
T < −55.5◦C where the crystal number density suddenly
jumps up by a factor of approximately seven. Heterogeneous
nucleation produces some ice crystals between −54.5◦C and
−55.5◦C, but their number is too low for consuming the
supersaturation; hence homogeneous nucleation takes over
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Fig.1. Number density of ice crystals forming from internally
mixed aerosol of sulfuric acid solution with soot inclusions in a
uplifting and adiabatically cooling airmass as function of tempera-
ture (which may be considered a reverse time axis) as simulated in a
box–model. Ice crystals form by heterogeneous and homogeneous
nucleation. The simulations were performed with 10cm/s uplift,
with soot mass fraction SMF = 0.1 (of those aerosol droplets that
bear an inclusion), total aerosol number density Na = 3×108 m−3,
and with fraction of aerosol particles bearing an inclusion, SNF, as
indicated on the ﬁgure. Homogeneous nucleation is signalled by the
steep increase of Ni with decreasing temperature.
crystal production at −55.5◦C. The next curve with SNF =
0.01 (V = 4.1 × 10−9 cm2 L−1) is similar to the previ-
ous one but shows the characteristics of homogeneous nu-
cleation even more. The fourth curve with SNF = 0.003
(V = 1.2×10−9 cm2 L−1) shows homogeneous nucleation
almost exclusively on this plot with linear Ni–axis, in par-
ticular the sudden and steep increase on Ni with decreasing
temperature. Further decrease of SNF yields nearly congru-
ent curves as the one for the latter SNF–value shown here.
It is noteworthy that the transition between the ﬁrst sign of
homogeneous nucleation and full homogeneous nucleation
occurs within about one order of magnitude of SNF–values,
viz. between about 0.03 and 0.003 for the present case. This
implies also that the transition between freezing dominated
by heterogeneous nucleation and freezing dominated by ho-
mogeneous nucleation spans an order of magnitude of the
total soot concentration. For the parameterisation of DeMott
etal. (1997) that we use here, the critical concentration for
the simulations of Fig.1 is about 0.01ngm−3 (please recall
that this number makes only sense within the framework of
our working hypothesis, namely that the results of DeMott
(1990) can be extrapolated to lower temperatures).
Additional series of simulations were performed with the
same initial conditions as so far, but with changed values of
SMF (increased to 0.5) and Na (decreased by an order of
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Fig.2. As Fig.1, but computed with initial temperature of −73◦C
and initial relative humidity RH = 50%.
magnitude to 3 × 107 m−3). These simulations resulted in
qualitatively similar curves Ni vs. T (i.e. vs. time), and the
transition between heterogeneous and homogeneous nucle-
ation occurred at the same characteristic soot concentration
as before (not shown). Variation of the geometric mean ra-
dius from 10nm to 100nm, and a variation of the geometric
standard deviation from 1.2 to 2.0 yields similar results, i.e.
the transition between the two freezing modes takes place
over an order of magnitude in soot concentration that can be
ﬁxed at a certain critical value, and the latter does not depend
noticably on the size distribution of the aerosol.
The simulations up to now were all performed with the
same initial temperature, such that the number density of
active sites for nucleation in the parametrisation of DeMott
etal. (1997) was the same for the same soot concentration.
The potential role of the number of active sites for the tran-
sition between the two nucleation modes could therefore not
become effective. Figure2 shows a set of simulations per-
formed with initial temperature of −73◦C and initial relative
humidity of 50%. Soot mass fractions and aerosol number
density are the same as in Fig.1, but the soot number frac-
tions are higher by about a factor of three. First one may
note, that at this low temperature much more crystals are
formed than in the warmer case of Fig.1. The reason for
this is the decreasing growth rate of single crystals with de-
creasing temperature. Thus the consumption of supersatu-
ration proceeds slowly and the nucleation processes can act
longer and at a higher rate, producing more crystals than in
the warmer case. This effect has been observed earlier in
simulations by Jensen and Toon (1994). Second, one ob-
serves that already the curve for SNF = 0.3 bears signs
of homogeneous nucleation, such that in this case the crit-
ical soot concentration is one order of magnitude larger (i.e.
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Fig.3. As Fig.1, but with ﬁxed soot number fraction of 0.1, and
updraft velocity w as curve parameter, and with logarithmic y–axis.
The solid curve for w = 10cms−1is identical to the solid curve
in Fig.1. This is the only case that shows no indications of homo-
geneous nucleation. All other cases with higher updraft velocities
show effects of homogeneous nucleation that become stronger with
increasing updraft speed.
≈ 0.1ngm−3) than in the simulations shown above. This
happens although the surface number density of active sites
for heterogeneous nucleation increases itself by a factor of
ten between the two sets of experiments. In order to com-
pute this factor it is sufﬁcient to consider the lowest effective
temperature achieved during an experiment since this marks
the time when the nucleation rate peaks. In the former ex-
periments that started at T = −53 ◦C the minimum effective
temperature was −39 ◦C while it is −52.5 ◦C in the latter ex-
periments where cooling started from T = −73 ◦C. The ratio
ofthenumberdensityofactivesitesforheterogeneousnucle-
ation is therefore (52.5/39)B = 10.06 (see Eq.4). Thus we
ﬁnd that at T = −73 ◦C it needs about 100 times more active
nucleation sites to suppress homogeneous nucleation than at
the higher temperature of T = −53 ◦C. Anticipating the re-
sults of the following section, one can attribute the increase
of the critical soot concentration with decreasing tempera-
ture to (a) the decrease of the diffusion coefﬁent for water
molecules in air, (b) the decrease of the saturation vapour
pressure with decreasing temperature.
Finally, the updraft velocity is an important parameter that
has to be considered. Previous simulations that took both nu-
cleation modes into account (e.g. DeMott etal., 1997; Spice
etal., 1999; Sassen and Benson, 2000) agree concluding that
heterogeneousnucleationbecomesrelativelyunimportantfor
updrafts exceeding a few 10cms−1. This expectation is es-
sentially conﬁrmed by the results of the present model. Sim-
ulations were performed with SMF = 0.1, SNF = 0.1,
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Fig.4. Relative humidity with respect to ice, RHi versus tempera-
ture (i.e. vs. time) for the box model simulations of Fig.3, with up-
draft speed as curve parameter. The dash–dotted nearly horizontal
line labelled “RHi,c” is the critical relative humidity for homoge-
neous nucleation. It is seen that the supersaturation becomes higher
for increasing updraft velocities. Although the critical relative hu-
midity for homogeneous nucleation is surpassed in all cases, this
process in unimportant in the case with w = 10cms−1. However
in all other cases it dominates.
Na = 3 × 108 m−3, and with initial temperature of −53◦C.
The run with 10cms−1 updraft was shown in Fig.1 as a case
that is dominated by heterogeneous nucleation. Additional
runs with updrafts of 20, 40, and 80cms−1 show increasing
signs of homogeneous nucleation, as demonstrated in Fig.3.
Since the soot concentration is the same in all these sim-
ulations, this parameter cannot decide here whether or not
homogeneous nucleation is suppressed. The crucial quan-
tity is the temporal evolution of ice–supersaturation. This
is shown in Fig.4, where also the critical relative humid-
ity for homogeneous nucleation, RHi,c, (Koop etal., 2000;
K¨ archer and Lohmann, 2002) is plotted versus temperature.
The ﬁgure shows that in the only case that is dominated by
heterogeneous nucleation, the supersaturation does not reach
as high values than in the other cases. Although RHi,c is sur-
passed, the homogeneous nucleation rate for w = 10cms−1
remains low. The supersaturation in the other cases reaches
higher values in spite of the fact that the number of crys-
talsformedbyheterogeneousnucleationatthemomentwhen
RHi = RHi,c increases with updraft speed. Obviously the
consumption of water vapour by growing ice crystals cannot
halt the increase of supersaturation by cooling of the air in
an updraft of w & 20cms−1, at least for the case considered
here. The same result applies when other combinations of
SNF and SMF are tried, such that the soot concentration re-
mains the same. A corresponding set of simulations with ini-
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Fig.5. Typical time histories of supersaturation in a cirrus cloud
formed heterogeneously at initial supersaturation of 0.3, and sit-
uated in an airmass uplifting at about 10cm/s, such that the up-
draft time scale τu is 2h. Curves are shown for various growth time
scales, given as curve parameters (in hours).
tial temperature of −73◦C and with SNF = 0.3 (not shown)
also leads to the same result, namely that homogeneous nu-
cleation is dominant for w & 20cms−1. However, homoge-
neous nucleation can be suppressed even in strong updrafts
whenveryhighsootcontaminationoftheaerosolisassumed.
For example, a test simulation with SNF = 1at−53◦C initial
temperature (other parameters unchanged) showed no homo-
geneous nucleation up to at least w = 40cms−1, and in
another one where additionally SMF was increased to 0.5,
heterogeneous nucleation dominated still at w = 80cms−1,
and it was necessary to increase w to 1.5ms−1in order to get
a substantial contribution by homogeneous nucleation to ice
formation. Such heavily polluted cases can principally occur
nowadays in the upper troposphere of the northern midlati-
tudes as a result of aviation emissions (Rahmes etal., 1998).
4 Analytical approach
The latter observation of the previous section, namely that
the time evolution of relative humidity (or supersaturation) is
the crucial point to determine whether homogeneous nucle-
ation will dominate cirrus formation in an uplifting airmass
that contains a number of heterogeneous ice nuclei (nuclei
that undergo heterogeneous freezing at a supersaturation be-
low the critical one for homogeneous freezing), allows to de-
rive a simple estimate of the critical concentration of hetero-
geneous ice nuclei, which would sufﬁce to suppress homoge-
neous nucleation. This can be done by considering the tem-
poral evolution of the supersaturation after a number of ice
crystals have formed heterogeneously at a supersaturation s0.
Of course, s0 is assumed to be smaller than the critical super-
saturation for homogeneous freezing. For the sake of sim-
plicity I assume that there is only one kind of heterogeneous
ice nuclei present, all of which freeze at s0.
Let us assume that the heterogeneous ice nuclei freeze at
initial supersaturation s0. Then the supersaturation changes
with time due to crystal growth (deposition) and due to fur-
thercoolingbyupdraft(andpossiblyotherdiabaticprocesses
changing temperature, hence changing the saturation vapour
pressure e∗). Thus we have
ds
dt
=
d
dt

e − e∗
e∗

=
1
e∗
de
dt
− (1 + s)
d lne∗
dt
= −
c(t)
e∗ − (1 + s)
L
RvT 2
dT
dt
,(5)
where L is latent heat of sublimation, Rv is the gas constant
of water vapour. In the latter expression I have neglected the
expansion effect on an uplifting air parcel, the time scale of
which (|H/w| with scale height H ≈ 6500m) is of the order
104 to 106 s. This is much longer than both the growth and
updraft time scales discussed below. c(t) is the time depen-
dent deposition rate, for which the following ansatz is possi-
ble:
c(t) = (e − e∗)/e τg(t), (6)
with a time dependent growth time scale e τg(t). The growth
of ice crystals begins very slowly, when the ice crystals are
initially still very small. Only later the nominal growth time
scale (K¨ archer and Lohmann, 2002)
τg = [(4π/3)ND r0]−1, (7)
is reached, with diffusion coefﬁcient D and number concen-
tration of ice crystals N. r0 is the radius of ice crystals that
theyassumeaftertransferoftheinitialsupersaturations0 into
the solid phase. Thus I parameterise e τg(t) as
e τg(t) = τg/[1 − exp(−bt/τg)], (8)
where b is a small number of the order 1, that depends on
temperature. For the following calculations I simply set b =
1. With this parameterisation the condensation rate is very
small initially when the ice crystals begin to grow, thereafter
c(t)increasesandreachesamaximumvalue, anditdecreases
again when the supersaturation is consumed. The cooling by
updraft can be formulated as
dT/dt = 0w with 0 = −g/cp, (9)
with gravitational acceleration g and speciﬁc heat of dry air
cp. Introducing an updraft timescale
τu = (RvcpT 2)/(Lgw) (10)
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Fig.6. Panel a): smax −s0 (given as curve parameter) as a function
of growth time scale τg (in hours) and the ratio θ = τg/τu. It is
evident that smax − s0 does depend on τg only through θ. Panel
b): smax − s0 (given as curve parameter) as a function of initial
supersaturation s0 and θ.
allows to write the differential Eq.(5) in the following form:
ds
dt
=
1 + s
τu
−
s
e τg(t)
. (11)
Introducing the abbreviation a(t) = τ−1
u − e τg(t)−1, the for-
mal solution of the differential equation is
s(t) = e
R t
0 a(t0)dt0
Z t
0
τ−1
u e−
R t0
0 a(t00)dt00
dt0 + s0 e
R t
0 a(t0)dt0
,(12)
where the integrals under the exponentials are
Z t
0
a(t0)dt0 =
t
τu
−
t
τg
+
1 − e−bt/τg
b
. (13)
Fort = 0wehaves(0) = s0 andfort → ∞, s(t)approaches
asymptotically the limiting value s∞ = τg/(τu − τg), pro-
vided τg/τu < 1. Of course, the solution explodes to in-
ﬁnity, that is, homogeneous nucleation will occur for sure if
τg/τu ≥ 1.
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Fig.7. smax − s0 vs. θ = τg/τu for various values of initial super-
saturations0. Thethreecurvescanbeﬁttedverywellwithquadratic
power functions (i.e. parabolas).
Figure5 shows some typical curves s(t) for an updraft
time scale of 2h (typical for 10cm/s uplift), an initial su-
persaturation s0 = 0.3 and various values of the growth time
scale τg. The most important feature to look at is the ini-
tial hump in the curves with a moderately small growth time
scale. In such situations homogeneous nucleation becomes
dominant when the maximum smax is higher than the criti-
cal supersaturation for homogeneous nucleation. Therefore,
inordertodeterminethismaximumforvariouscombinations
of {τu,τg,s0}, I have performed further numerical integra-
tions of the differential Eq.(11).
First, one can note that it is useful to introduce the ratio
θ of the two timescales, i.e. θ = τg/τu. Obviously it suf-
ﬁces to study the range θ ∈ [0,1). Figure6a shows that the
maximum supersaturation smax does depend on the growth
time scale only via the ratio θ, and that smax will normally
be high enough to allow homogeneous nucleation already for
thequitemoderatevalueθ = 0.4. Thecalculationshavebeen
performed for τu = 2h and s0 = 0.3. Figure6b shows that
the difference between the maximum and initial supersatu-
ration depends slightly on the initial value. For parameter-
isation purposes for large scale models I would neglect this
dependence. Figure7 shows by means of a log–log plot that
smax−s0 is a power function of θ; indeed, smax−s0 = fθ2
is a very good approximation for the curves. The prefactor
f depends on both s0 and b in Eq.(8), hence on temperature.
For the following, it should be considered a tunable param-
eter, and I found the best match between boxmodel calcula-
tions and the analytical approximation by setting
f(T) = 104−0.02T. (14)
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The exponent of θ does not depend on s0 and neither on b.
Thus, one can set up the following criterion: If the su-
persaturation can increase to the threshold value for homo-
geneous nucleation, shom, the latter will dominate in cirrus
formation, that is, much more ice crystals will be produced
byhomogeneousthanbyheterogeneousnucleation. Whether
smax will reach such a high value depends on the supersat-
uration necessary for heterogeneous nucleation, s0, on tem-
perature (since shom depends linearly on T), and on the ratio
of the relevant time scales, τg/τu. For checking the criterion
one computes smax ≈ f(T)(τg/τu)2 + s0.
Finally, I derive a formula for the limiting case where
smax = shom(T). First, I deﬁne the threshold supersatu-
ration for homogeneous nucleation as that value where one
ice crystal per cubic metre will be formed in an uplifting air-
mass. From the boxmodel calculations I ﬁnd
shom(T) = 2.193 − 7.47 × 10−3 T, (15)
where T is in K. Next we need an expression for the growth
time scale (see above). The coefﬁcient of diffusion of vapour
in air, D, can be parameterised as:
D = 2.11 × 10−5

T
T0
1.94 
p0
p

, (16)
with D in m2/s (Pruppacher and Klett, 1978). Here, T0 =
273.15K, p0 = 101325Pa, and p is air pressure.
Assuming that the initial supersaturation s0 is transferred
completely into N spherical ice crystals of equal size, their
radius would be
r0 =

3s0 e∗(T)
4πNRvTρi
1/3
, (17)
withthebulkdensityoficeρi = 900kg/m3. Ifconstantnum-
bers are collected, the growth time scale can then be written
in the following form:
τ−1
g = 1.40 × 10−6 T 1.61 p−1 [s0 e∗(T)]1/3N2/3. (18)
(All quantities in SI units). In a similar way it is possible to
write an expression for the updraft time scale:
τ−1
u = 59.9wT −2. (19)
Now, the condition that homogeneous nucleation does not
get effective is
f(T)(τg/τu)2 + s0 < 2.193 − 7.47 × 10−3 T. (20)
Inserting the expressions for the time scales, and solving for
the ice crystal number density, N, yields a critical number
density Nc, when an equal sign is set in Eq.(20). This is:
Nc =
2.81 × 1011 f(T)3/4 w3/2 p3/2
T 5.415 [s0 e∗(T)]1/2 (shom(T) − s0)3/4. (21)
(Again, everything in SI units, i.e. m−3, m/s, K, and Pa).
The critical number density Nc marks the transition region
between homogeneous and heterogeneous cirrus formation.
It should be understood as a rough estimate. This means that
iceproductionwillbedominatedbyheterogeneousprocesses
if the concentration of heterogeneous ice nuclei exceeds Nc;
in turn, it will be dominated by homogeneous nucleation if
N is smaller than the critical value Nc by about half an order
of magnitude or even smaller.
As Eq.(21) shows, the sensitivity of the critical concentra-
tion of heterogeneous ice nuclei, Nc, to changes of tempera-
ture and updraft speed are much more important than those
to changes of either s0 or p (although p has also the power
3/2; but the relative variation of p in the upper troposphere
is generally small compared to variations of w). The depen-
dences of Nc on temperature and updraft speed is illustrated
in Fig.8.
5 Summary and conclusions
In this study I have investigated the transition between cir-
rus formation due to heterogeneous freezing on the one hand
and homogeneous freezing on the other. The study was per-
formed by means of boxmodel simulations of the freezing of
a certain type of heterogeneous ice nuclei (aerosol particles
that freeze heterogeneously below the critical humidity for
homogeneous nucleation). For these I have chosen an inter-
nally mixed aerosol consisting of aqueous solution droplets
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of sulfuric acid where a fraction of these droplets bears an
inclusion of soot. It was assumed as a working hypothesis
that such an aerosol freezes according to the parameterisa-
tion given by DeMott etal. (1997). The aerosol cloud was
situated in an uplifting and thereby adiabatically cooling air-
mass where it eventually formed ice crystals. The initial tem-
perature of all simulations was −53◦C or lower.
The boxmodel simulations have shown that the transition
between homogeneously dominated and heterogeneously
dominated cirrus formation occurs over a range of heteroge-
neous ice nucleus concentration of about one order of mag-
nitude. This transition can in principle be characterised by a
critical concentration of heterogeneous ice nuclei which de-
pends in particular on temperature and updraft speed. From
the box model simulations it was possible to determine crit-
ical soot concentrations of the order 0.01–0.1ngm−3. How-
ever, several uncertainties exist in the derivation of the crit-
ical soot concentrations. First, the precise mechanism by
which ice germs are formed on soot surfaces is currently un-
known. The parametrisation I have used for heterogeneous
nucleation (DeMott etal., 1997) is a simple extrapolation of
results DeMott (1990) has obtained for water droplets with
soot inclusions between −25 ◦C and −40 ◦C to sulfuric acid
solution droplets with inclusions and to temperatures below
−53 ◦C. This is a bold procedure that must be viewed with
caution. Second, I have used a speciﬁc soot surface that is in
the lower range of currently accepted values. Higher speciﬁc
soot surfaces would translate into lower critical soot concen-
trations. Third, it turned out that the temperature dependence
of water vapour saturation pressure and of the deposition co-
efﬁcient (more exactly: details of the initial growth of small
ice crystals, see also Gierens etal., 2003) are as important as
the surface number density of active nucleation sites for the
determination of the critical soot concentration. Their values
resulting from the simulations should therefore at best con-
sidered estimates and not be taken as exact quantities.
The boxmodel simulations suggested to consider the tem-
poral evolution of ice supersaturation after an assumed het-
erogeneous freezing event at an initial supersaturation, s0, to
be crucial for the question whether homogeneous nucleation
can later take over cirrus formation or not. An analytical esti-
mate has been derived that provides the critical concentration
of ice nuclei as a function of temperature, updraft speed, am-
bient pressure, and s0. This formula can be used for simple
decision measures in cirrus parametrisations of large scale
models, of which nucleation mode should be switched on
and which should be switched off.
In stronger updrafts it needs generally higher concentra-
tions of heterogeneous ice nuclei to suppress homogeneous
nucleation. I expect, in agreement with results of earlier sim-
ulations by others, that heterogeneous nucleation is mostly
unimportantforupdraftsstrongerthanw = 20cms−1. How-
ever, in young aircraft plumes or otherwise heavily polluted
areas it is possible to reach higher concentrations of hetero-
geneous ice nuclei (e.g. soot). For example, a modern jet
aircraft engine with a speciﬁc soot emission of 0.02g per
kg kerosene burnt (Schumann, 2002), assuming a fuel ﬂow
of 0.8kgs−1 and a ﬂight speed of 250ms−1 can yield a
soot concentration in the ﬁrst second after emission of about
10ngm−3, which is much higher than the critical values
listed above. Thus, cases with Csoot ≈ 1ngm−3 in internal
mixture are not impossible in the atmosphere, and can prob-
ably be produced in the northern hemispheric tropopause re-
gion by aviation (Rahmes etal., 1998). In such heavily pol-
luted cases homogeneous nucleation would be suppressed
until updrafts of about 1ms−1 or so are reached. Rahmes
etal. (1998) have computed that the 1992 aviation produced
a soot concentration above 10−2 ngm−3 in a considerable at-
mospheric volume in the northern hemisphere. Thus it can-
not be excluded that heterogeneous nucleation is much more
important for cirrus formation in the northern hemisphere
than anywhere else. In fact, recent lidar measurements of
cirrus clouds in both northern and southern midlatitudes sug-
gest that just this is the case (Immler and Schrems, 2002).
If the concentration of heterogeneous ice nuclei is just
above its critical value, the corresponding heterogeneously
formed cirrus cloud will be much optically thinner (perhaps
even subvisible) than a cirrus formed homogeneously, be-
cause much less ice crystals are produced via heterogeneous
nucleationjustabovethethresholdthanviathehomogeneous
process. The clouds get, however, optically thicker again
with increasing concentration of heterogeneous ice nuclei al-
though they generally will be less optically thick than those
formed homogeneously. Thus, over polluted regions there
may be a higher coverage of cirrus clouds (because of the
lower formation threshold), but the clouds will probably be
thinner. An exception of this rule is the formation of con-
densation trails because there the concentration of heteroge-
neous ice nuclei is by many orders of magnitude higher than
in the background atmosphere. Cirrus optical depths in re-
gions with a heavy load of air trafﬁc therefore may be on the
average larger than in other polluted regions of the northern
hemisphere.
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